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1 Introduction 

One of the most important properties of a geometric flow is whether it preserves the 
positivity of various notions of curvature. In the case of the Kahler-Ricci flow, the positivity 
of the curvature operator (Hamilton [7]), the positivity of the biholomorphic sectional 
curvature (Bando [1], Mok[8]), and the positivity of the scalar curvature (Hamilton [4]) 
are all preserved. However, whether the positivity of the Ricci curvature is preserved is 
still not known. As stressed for example in Chen-Tian [3] , this is central to the problem of 
convergence of the Kahler-Ricci flow on Kahler-Einstein manifolds of positive curvature. 
The existence of Kahler-Einstein metrics has been conjectured by S.T.Yau [10] to be 
equivalent to stability in geometric invariant theory, and there is strong interest in relating 
these notions to the behavior of the Kahler-Ricci flow. 

In this note, we show that the positivity of the Ricci curvature is preserved on compact 
complex surfaces, under the additional assumption that the sum of any two eigenvalues of 
the traceless curvature operator on traceless (1, l)-forms is non- negative. 



2 The curvature operator in the Kahler case 

Let X be an n-dimensional compact complex manifold, with a Kahler metric ds 2 = 
gijdz 3 dz k . The Kahler-Ricci flow is the flow g^ = —Ru + ^9kji where n/i is the av- 
erage scalar curvature, and is the Ricci curvature. By differentiating the defining 
relation [Vj, Vfc]V p = R^.j P g V q , we obtain the corresponding flows for the Riemann curva- 
ture tensor R^/q, the Ricci curvature R^ = R^/p, and the scalar curvature R = g^R^: 
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R = AR- fiR + R kj R- kj 

D_ A D_ I D_ m Tfl T?- m D 

n kj — ^-K-kj ~r -rtfci j-n, m — St k JXrhj 

Rqjlm ^■RqjTm l^-^qjlm Rqjfm Rq Rjjfm Rf^qjRp Tm 

-\-Rq^rmRp lj Rq^l Rpjfm (^"-Q 

Here A = V/V' = <? /fc VzVfc is the complex Laplacian. It is easily seen that the flows of 
R and R k j can be written in the same form with A replaced by A = Vf\7 l = V'Vz, and 
hence with ^Ar = |(A + A). On the other hand, the flow for the Riemann curvature 
tensor becomes, when written with A 

Rqjlm ~ ^R-qjlm f^-^qjlm ~ R mRqjlr ~ R jRqmlr R P rqjR p l m + R P jl r R pqm ~ R P j mRqplr 

(2.2) 

Combining the flows with A and A, we obtain the flow with real Laplacian: 

Rqjlm = ~^^~R,Rqjlm + f^^-qjlm ~ Q, m ~^& r ^ j^qmlr + Rqjfm + Rq Rjjfm) 
-\-RP r qjR pj m -\~ RP r JjR pq m Rq'l Rpjfm 

As in the Riemannian case [6, 7], the flow for the Riemann curvature operator simplifies 
considerably in the formalism of frames. Let e a = gfje J a , e s = -§=j be an orthonormal 
frame at time t — 0, i.e., e^g^e^a = 5 ba , e J 1 a e a k = S^k, and e\S ab e b k = g^ k . Let g k j flow 
by Qkj- We want to flow e\ so that it remains an orthonormal frame with time. Thus we 
impose = (g kj e j a e b k J = g- kj e j a e b k + g kj e j a e b k + g kj e j a e b k . For this to hold, it suffices to 
set 

e j a = --9 jP 9f S e S a = --g jf {-Rf S + Mf S )e s a (2.4) 

from which it follows that e b k = \R b k — ^e k b , e b k = — \R h k + |/ie 6 fc , where in general, 
we can go back and forth between middle Latin indices (j,k,l...) and early Latin indices 
{a,b,c.) by using frames, e.g. V a = e a jV j , R- abM = e a j e k b e 5 l e m d R- jkTm . 

The flow of the frame gets rid of all the terms mixing the Ricci tensor and the curvature 
tensor in the flow of Rabcd- Indeed, the cancellation mechanism is very simple: 

pJp k ,pJ P m ,R- - _|_ pJ P k ,p J P m ,fi>- - _|_ pJp k ,pJp m ,£>- - 
AL abcd °a ° D°c ° a- LL j k lm ~ a ° o c ° d AL j k lm ~ ct o^c ° d- LL jklm 

"t" e a"' e fe e c 6 dRjklm 4" e a"' e fe e c e d-Rjklm (2-5) 

We have for example e k b e 5 l e m dRjkim — \R&^Rqbcd — \^R a bUi and the first term on the 
right hand side cancels with one of the terms in the flow with real Laplacian. Altogether, 
we obtain the equation 

Rabcd ^Aj^R^bcd l^Rabcd RprabRfpcd RapfdRpbcr R&pcrRpbrd (2-6) 
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Similarly, the same simplification occurs for the flow of the Ricci curvature, written in 
a frame. Differentiating the equation R a b = e^e^bRgj, we see, not surprisingly, that the 
term involving the square of the Ricci curvature cancels 

Rab = -A R i?ab — flRab + Rab P rR T p- (2.7) 

2.1 The traceless curvature operator Sabcd 

To analyze the flow of the Riemannian curvature tensor in the operator case, it is convenient 
to separate out the traces. Thus set 

Sab = Rab R$ab 

n 

1 1 

Sabcd = Robed {Rab^cd + Rcd^ab) H ^R^ab^cd (2.8) 

n n z 

Then S aa = 0, S aa5 d = = S a bcc, and a straightforward calculation shows that the flows 
for R, R^, Rabcd are equivalent to the following flows for R, S a b, S^bcd 

R = - Ar_R + Sp r Sfp H — R(R — fin) 

2 Th 
Sab = lA n S- ab + ~(R - fin)S ab + S-abcdSdc (2.9) 

2 n 

1 1 

Sabcd TT^R'S'abcd f^Sabcd SprabSfpcd H~ SapfdSpbcr SapcrSpbfd H~ Sabred 

In the Kahler case, the Riemann curvature tensor can be viewed as a symmetric operator 
Op(R) on the space A 1,1 of real (1, l)-forms. This space itself decomposes into the line 
spanned by the Kahler form to = ^^g^jdzi Adz k , and its orthogonal complement, namely 
the space Ag' 1 of traceless real (1, l)-forms. Now the term Rp ra bRfpcd can clearly be viewed 
as Op(R) 2 . Similarly, the tensor S^bcd can be viewed as an operator Op(S) on Aq 1 , and 
we have the decomposition 

<W) = (T o P %)) < 2 - 10 > 

The term Sp ra bSf P cd in the flow for Sabcd corresponds to Op(S) 2 . Following Hamilton [6, 7], 
we show that the remaining terms S ap fdSpbcr — S ap crSpbfd admit a Lie algebra interpretation. 
Define the Lie bracket by 

[(f), 1p} ab = (ftaplppb - 1pap(j)pb ( 2 -ll) 

Let 4> ab be an orthonormal basis of real traceless (1, l)-forms, and set Sabcd = J2 a /3 ^aP^ab^M- 
Thus M a/3 is the matrix of Op(S) in the basis <f>^ b . Then 

S ap5 rS P bM-S- apfd S pb5r = M aX M^r a p<PU^€d-<pMr cr ) = M aX M^ av ^\^\- cd (2.12) 



Set [0 A , M ] = c Amp p , where c Xfip are the structure constants of the Lie algebra. The 
antisymmetry of c A ^ implies M aA M^0^0^c A ^0^ = §M qA M^[0 q , 0%^%, and thus 

5^5^ - 5^5^ = ^M aX M^r ab c X,ip r 5d = \m*V^ P u (2-13) 

To make Mf explicit, we need the structure constants c a/3u of the Lie algebra of traceless 
(1, l)-forms. Choose a coordinate system centered at a point p e M such that the metric 
is the identity matrix at p. Then an orthogonal basis for the space of real (1, 1) forms is 
(in dimension 2 to simplify notations) uo = dx 1 Adyi + d,X2Ady2 = ^p L (dziAdzi + dz 2 Adz 2 ), 
rji = dxi A dyi — dx 2 A dy 2 = } ^(dz 1 A dz\ — dz 2 A dz 2 ), rj 2 = dx\ A dy 2 + dx 2 A dy\ = 
^^-{dz\ A dz 2 + dz 2 A dzi), r] 3 = dx\ A dx 2 + dy\ A dy 2 = \{dz\ A dz 2 — dz 2 A dz~i), with 
V2r]i forming an orthonormal basis for Aq 1 . Furthermore, [772, ^3] = ?7i, [0i,02] — 03; 
[03) 4>i] — 02, which means that Aq 1 is su{2) with structure constants 

c a/37 = yftff* (2.14) 

where e Q/37 is the sign of the permutation (1, 2, 3) 1— > (a, {3, 7). 



2.2 Positivity of the Ricci curvature in dimension 2 

We are now in position to prove the following theorem: 

Theorem. Let X be a compact Kdhler manifold of dimension 2, and consider the Kahler- 
Ricci flow c/kj = — -Rfcj + l^gkj- If the initial metric has Ricci curvature non-negative 
everywhere and positive somewhere, and if the sum of the two lowest eigenvalues of the 
operator S abed on the space Aq' 1 of traceless (1, l)-forms is non-negative, then both of these 
properties continue to hold for all time t > 0. 

Proof. If we view the Ricci curvature as a Hermitian form on T 1 ' vectors, its positivity is 
equivalent to the positivity of its trace and of its determinant. Set 

= A 7Wi + Bl 7=m + B2 A + Bi A (2 - 15) 

In particular, A = |i? and ;^=j=-Bj are the components of S a b in the orthonormal basis y/2r]i 
for Al' 1 . 

Claim: The Ricci curvature is non-negative if and only if A > and 

A 2 - Bj - B\ - B\ > , i.e., S ab S~ ba < \R 2 (2.16) 

To see this, we let X = a-Jj^ + b-J^ be an arbitrary tangent vector. Then 

Ricci(X,X) = A(\a\ 2 + \b\ 2 ) + B^al 2 -\b\ 2 ) + B 2 (ab + ba) - V^lB 3 (ab-ba) 
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Thus the Ricci curvature is non-negative if and only if the matrix P is non-negative. Now 
the trace of P is 2 A and the determinant is A 2 — B\ — B\ — B 2 . This proves the claim. 

Set l^l 2 = Sp r Sfp- Using the flow for S pr , we find 

(\S\ 2 y = l-A R \S\ 2 - (V'SprViSrp + V^ p - r V%) + ~{R - fm)\S\ 2 + 2 S la S- ab - cd S dc (2.17) 
Combining with the flow for R 

R= \a u R+ I S\ 2 + -R(R -fin), (2.18) 
we obtain the flow for the determinant of the Ricci curvature 

(^R 2 - \S\ 2 ) = ^A R (^ 2 -|5| 2 )-V^V'i?+(V%- r V^ + V^ p - r V%) 

+ 1 {R _ ^ n) A R 2 _ | 5 | 2) + R \ s p _ 2 5 fc5a6ea5 (2.19) 
n 2 

We shall abbreviate this equation by 

(-R 2 - \S\ 2 ) = -A-ni-R 2 -\S\ 2 )-\VR\ 2 + (VSVS + VSVS) 
2 2 2 

+-(R - fin)(\R 2 - \S\ 2 ) + R\S\ 2 - 2(SOp(S) S) (2.20) 
n 2 

We examine the non- negativity of the expression |i? 2 — IS*) 2 , assuming that it is non- 
negative at initial time. Consider then the first time when min(|-R 2 — l^l 2 ) = 0, and 
consider a minimum point. At this point, by the maximum principle, we have 

{\r 2 - \S\ 2 ) > -\VR\ 2 + (VSVS + VSVS) + R\S\ 2 - 2(SOp(S) S) (2.21) 

On the other hand, at a minimum, the derivatives of \R 2 — IS*] 2 all vanish. Thus we have 

V l R=]-(V l S-S + S-V l S) (2.22) 

and hence 

\^iR\ < ^(|V,S| ■ \S\ + |5| • |V5|) = T^(|V^| + |V,5|) (2.23) 
since \R 2 - \S\ 2 = 0. But then 

£ I Wtf < \ E(l V|5| + | V^|) 2 < Ed V/5| 2 + I V^| 2 ) (2.24) 

(In the preceding argument, we have assumed that R > 0, which follows from the strong 
maximum principle if t > 0. If it! = and t — 0, then we are at a minimum of i?, 
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and Vj-R = 0, so that the above inequality holds trivially). Thus the inequality from the 
maximum principle reduces to 

(^R 2 - |,S| 2 )- > R\S\ 2 - 2(SOp(S) S) (2.25) 

In an orthonormal basis for the space of traceless (1, l)-forms where the operator Sabcd 
is diagonal, with eigenvalues mi,m,2,m3, the preceding inequality can be rewritten as 

(\R 2 - \S\ 2 J >2J2(\r- m a )\s a \ 2 (2.26) 

a=l 

where we have denoted by s a e R the components of S a b in that basis: 

S- ab = £ s a <Pt b (2.27) 

a=l 

It follows from (2.8) that S abba = ^^-R = \R when n — 2. On the other hand, since S a bcd = 
J2a=i m a ( Ptb ( f ) 5d we obtain S abba = J2a=i m a- Thus the non-negativity of the determinant 
of the Ricci curvature will be preserved if we can show that 

0< l -R-m a = J2mp, (2.28) 
that is, the sum of any two eigenvalues of S^bcd is non-negative. 

Recall that a symmetric bilinear form is 2-nonnegative if the sum of its two smallest 
eigenvalues is non-negative. We have assumed that the traceless curvature operator S^gd 
is 2-nonnegative at initial time. It remains to show that the 2-nonnegativity of the traceless 
curvature operator is preserved under the Kahler-Ricci flow. Chen [2] has shown that the 
2-nonnegativity of the curvature operator Op(R) is preserved by the Ricci flow. Now if 
the Riemann curvature operator Op(R) is 2-nonnegative, then so is M = Op(S), but the 
converse does not hold, so we cannot directly quote Chen's result. 

First note that if mi < m 2 < m 3 are the eigenvalues of M, then 

m 1 +m 2 = inf{M(0, 0) + M(^, ip) : E Aq'\ |0| = |^| = 1, <t> ± ^} 

Moreover, the condition m\ + m 2 > is clearly closed and convex. The ODE associated 
to M from the heat flow for the system (2.9) for R, S a b, Sabu is 

^ = -fiM + M 2 + M* +T (2.29) 

where, in coordinates where M is diagonal, = — 2(n 7 ^ a Tn^)5 a /3 and T a/ 3 = s a sp. To 
show that mi + m 2 > is preserved, it suffices, by Hamilton's maximum principle for 
systems, to show that (2.29) preserves this condition. Now Lemma 3.5 of [7] implies 

d , n. £( dM , ± ± . dM . ( 
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where 0, -0 range over all (f),ip £ Aq 1 such that |0| = — 1,0 ± if; and M(0, 0) + 
M(i/j,iI)) = mi + m 2 . For such 0, -0, we have M 2 (0, 0) + M 2 (-0, -0) = ml+m 2 ,, M # (0, 0) + 
M # (-0, -0) = -2m 3 (mi+m 2 ) and T(0, 0)+T(-0, -0) > 0, since T is a non-negative operator. 
Thus (2.29) implies 

■^(mi + m 2 ) > -/i(mi + m 2 ) + m 2 + m 2 , - 2m 3 (m 1 + m 2 ). (2.30) 
at 

The right hand side is non-negative when mi + m 2 becomes 0. Thus the non-negativity of 
m i + m 2, and hence of |i? 2 — IS*) 2 is preserved under the flow. Q.E.D. 

Remark By flowing {\R 2 — IS*! 2 ) -1 , one can show, using a similar argument, that {\R 2 — 
\S\ 2 ) is bounded below by a positive constant, if it is positive everywhere at the initial 
time and if the traceless curvature operator is 2-nonnegative. 

Acknowledgements The authors would like to thank Mu-Tao Wang for his comments 
and encouragement. They would also like to thank the Centro di Ricerca Matematica 
Ennio De Georgi for its warm hospitality when part of this research was carried out. 



References 

[1] Bando, S., "On the classification of three-dimensional compact Kahler manifolds of 
nonnegative bisectional curvature" J. Differential Geom. 19 (1984), no. 2, 283-297. 

[2] Chen, H., "Pointwise quarter pinched 4 manifolds", Ann. Global Anal. Geom. 9 
(1991), 161-176. 

[3] Chen, X.X. and G. Tian, "Ricci flow on Kahler-Einstein surfaces" Invent. Math. 147 
(2002), no. 3, 487-544. 

[4] Hamilton, R., "Three- manifolds with positive Ricci curvature" J. Differential Geom. 
17 (1982), no. 2, 255-306 

[5] Hamilton, R., "The Ricci flow on surfaces" Contemp. Math. 71 (1988) 237-261. 

[6] Hamilton, R., "The formation of singularities in the Ricci flow" , Surveys in Differential 
Geometry 2 (1995). 7-136. 

[7] Hamilton, R., "Four-manifolds with positive curvature operator", J. Differential Ge- 
ometry 24 (1986). 153-179 

[8] Mok, N.M., "The uniformization theorem for compact Kahler manifolds of nonnega- 
tive holomorphic bisectional curvature" J. Differential Geom. 27 (1988), no. 2, 179- 
214. 



7 



[9] Phong, D.H. and J. Sturm, "Stability, energy functionals, and Kahler-Einstein met- 
rics. Comm. Anal. Geom. 11 (2003), no. 3, 565-597. 

[10] Yau, S.T., "Open Problems in Geometry", Proc. Symposia Pure Math. 54 (1993) 
1-28. 



8 



